I Introduction. Let ^~ = {E, π, B, F) be a fiber space. Any fiber preserving map /: E-> E induces maps /': B~»B, and, for each b e B, f b : π~\b) ~> π-\b) f where π~\b) ~ F. The map / will be called a fiber map (or bundle map if J?~ is a bundle).
Let N(g) denote the Nielsen number of a map g. The Nielsen number, N(g), serves as a lower bound on the number of fixed points of a map homotopic to g, and under certain hypotheses, there exists a map homotopic to g with exactly N(g) fixed points. R. Brown and E. Fadell ([2] and [3] ) proved the following:
THEOREM. Let ^?~ = {E, π, B, F) be a locally trivial fiber space, where E, B, and F are connected finite polyhedra. Let f: E-+E be a fiber map. If one of the following conditions holds: (i) π,(B) = π 2 (B) = 0 . (ii) ^(F) = Q. (iii) J7~is trivial and either πjβ) = 0 or f = f x f b for all beB then N(f) = N(f)-N(f b ) for all beB.
These strong restrictions on the spaces involved eliminate some interesting fiber spaces. For example, any circle bundle over B with π^B) ^ 0 is excluded. Furthermore, if π,(B) = π 2 (B) = 0, then the total space E is B x S 1 . This paper has two objectives. The first is to try to generalize 149 150 D. McGAVRAN AND J. PAK the above result to the case of a bundle ^~ = {E, π, B, F) where πJ^B) is a nontrivial abelian group, and π 2 (B) = 0. The second is to investigate the relationships between the Nielsen numbers of the maps /, /', and f b for particular circle bundles.
In this paper all spaces are path-connected.
II* Some general results* The reader may refer to [1] and [2] for definitions and details concerning the Nielsen number N(f), Reidemeister number R(f), and Jiang subgroup T(f) of a map f:X-+X.
We will be particularly interested in the Reidemeister number. It serves as an upper bound on JV(/) and in many cases R(f) = N(f). Let h:G ->G be a homomorphism where G is an abelian group. It is shown in [1] that R(h) = | coker (1 -h) | (| | means the order of a group). The Reidemeister number -of a map/:X--»X is defined to be the Reidemeister number of the induced homomorphism / # : π x (X) -> π^X). Now let ^~ be a fiber space. Let F b = π~\b). If w: I-+B is such that w(0) = b and w(l) = δ', we may translate F h , along the path w to F b (see [6] 
Proof. First, by [6] , the map w is homotopic in E to the identity map on F f , {b) . Hence we have
LEMMA 2 [4] . Suppose we have the following commutative diagram of modules, where the rows are exact:
there is an exact sequence
The homomorphisms μ% and ε* are restrictions of μ and ε, and ju' * and ε* are induced by μ' and ε' on quotients. The connecting homomorphism ω: ker 7 -» coker a is defined as follows. Let c e ker 7, choose 6 e I? with εδ = c. Since ε'/3δ = 7εδ = ΊC = 0 there exists α'e A' with βb = μ f a'. Define ω(c) = [α'J, the coset of a' in coker a. Then ω is a well-defined homomorphism. See [4, p. 99] for the proof of the lemma. THEOREM 
Suppose S~ = {E, π, B, F) is a fiber space such that
is an eίcacί sequence of abelian groups.
Suppose f: E-+ E is a fiber map and w:I->B is a path from b to f'φ). Then we have the following exact sequence:
Proof. The fiber map induces the following commutative diagram:
Now the result becomes a simple application of Lemmas 1 and 2. Proof. This follows since both R(f) and R{f) are independent of w and b.
Let f:E->E be a bundle map. It follows easily from results in [1] that N(f b ) = R(f b ). It is also shown in [1] that N(f') = JB(/') for n = 1, and the proof can be easily generalized to higher dimensions. 1, tp'v), (0, 0)) ) . One fiber in E consists of
where 0 <* τ ^ p' and 2τff represents the equivalence class of 27rr(mod2τr). Hence i # (l) = (J', p').
We have the following commutative diagram:
We must compute the cokernel of (1 -/ # ) since iSΓ(/) = | coker (1 -/#) |. Let
Commutativity of the right hand square implies that a = 1 -c lf while commutativity of the left hand square implies u = 1 -c 2 . Now
We must have j/ | i'(c 2 -c λ ) so
Hence we may assume = ^i -C 2 ) = ^-{C, -C 2 ) .
P V
Therefore, Im(l -/#) is generated by (1 -c l9 0) , (s, 0), and (0, 1 -c 2 ). Now the group π^Lid, q) x S 1 ) cί^φji, and the subgroup generated by (1 -d, 0) and (s, 0) is the subgroup generated by ((1 -c lf s), 0) . Consequently, the cokernel of (1 -/ # 
(1) Since ^7~ is orientable and T(π~x(b), e 0 ) = TΓ^TΓ'δ), e 0 ), the above formula is independent of w and 6.
(2) In the above argument we could replace L(p, q) with the generalized lens space as in [5] .
(3) If p is a prime the product formula follows from results of R. Brown and E. Fadell [3] .
(4) Theorem 8 also indicates that a product theorem of the type obtained by R. Brown and E. Fadell is hard to expect in general. 
